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BY
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0. Introduction. The purpose of this paper is the formulation and in-

vestigation of some convergence concepts for sequences of stochastic processes

\xn(t, ca), tE [0, l]}. A related result of these investigations appears as a

generalization of the central-limit problem for sequences of sums of independ-

ent random variables, embodied in the discussions in §§3 and 5 of the se-

quence (A); Gnedenko's necessary and sufficient conditions for the conver-

gence in distribution of such sums are used and extended. §4 contains a

version of the Helly-Bray theorem (Theorem 9, Corollary) on probability

spaces.

The tools used are those developed in [2; 7; 8], and [9] for some special

cases of convergence of stable processes. The methods of §4 are a straight-

forward adaptation of those of [2]; the convergence property of F[ ] used

in Theorem 9 was found to be necessary by Udagawa (in the publications of

the Union of Japanese Scientists and Engineers) in considering the case of

sequences (A) of normed-sum type converging to non-Gaussian stable proc-

esses.

The processes are throughout this paper assumed to have independent

increments. Some special cases of this convergence problem are considered in

[l; 3; and 4] without this condition; no general results seem to be known at

present.

1. Notation and definitions. Let (fl, (B, p) denote a probability space. A

real stochastic process defined on (fl, (B, p) with real parameter set T we shall

denote by \x(t, co), tET]. We shall consider sequences of stochastic processes

{xn(t, co), tET}, converging in some sense to a stochastic process \x(t, co),

t£r}.Let

F(h, • ■ - , tm; Xi, • ■ • , \m) = p{x(tj, co) :g Xy, l^jSm},

F„(h, ■ ■ ■ , tm; Xi, • • • , \m) = p[xn(tj, co) g X;, 1 ^ j ^ m\,

<t>(h, • • • , tm; ui, • • • , Hm) = -E-jexp li Y Hjx(t, co) U ,

4>n(lu • • • , tm;ni, ■ ■ ■ , um) = E<exp I i Y V-iXn(tj, w) J> •

where h, • ■ • , t„ET.
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We shall require two notions of convergence of processes:

Definition 1. The sequence {xn(t, co), tET} of stochastic processes con-

verges in distribution to the stochastic process {x(t, oi), tET} if and only if for

every positive integer m and every sequence (h, • ■ • , tm)ETm

hm Fn(ti, • • • , lm\ Xi, • • • , \m) = F(ti, ■ • ■ , tm; Xi, * • • , Xm)
n->»

for every vector (Xi, • • • , Xm) of continuity of the limit function.

Definition 2. The sequence {x„(t, co), tET} converges uniformly in dis-

tribution to {x(t, co), tET} if and only if for every positive integer m,

lim <pn(tl,  •   ■   ■   ,  I,,,', Ml.   "   •   '   ,  Mm)   =   4>(h,   •  ■  •   ,  tm', Pl,  •  •  •   , Pm)
n—»«

uniformly for (tlt • ■ ■ , tm; pu ■ • ■ , pm)ETm®[ — M, M]m for every AT>0.

The convergence of Definition 2 is not to be confused with the convergence

of distribution functions uniformly in their arguments; this latter concept

will not arise in this paper. It is to be noted that the multidimensional con-

tinuity theorem implies that uniform convergence in distribution of stochastic

processes implies ordinary convergence in distribution thereof.

We next turn to a construction of a specific process sequence:

Definition 3. The sequence [xnk, k = l, 2, • ■ • , kn; ra=£l} of finite se-

quences of independent random variables for which

lim   max p { \ xnk |   ^ «} = 0 for every e > 0,
n->«   l^*S*n

'gives rise to a sequence of stochastic processes constructed as follows:

Let

kn(t)   =   [tk„]

and let

k

Snk = Y x»h 1 = * ^ K, n ^ 1.
y-i

Then let

Xn(t, CO)   =   Sn, *„(«), 0^(gl,»|l.

This sequence of stochastic processes with parameter set [0, 1 ] shall be called

the sequence (yl). If the x„* are identically distributed "within rows," i.e.,

if p{xnktk^} is independent of k, the resulting sequence of stochastic proc-

esses shall be called the sequence (.4). We shall write F„i(X) =p{x„t^X},

<bnk(u) = E{exp ip.Xnk}.

It is to be observed that the processes of both sequences (A) and (A)

have independent increments.
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We next adopt notations for some convergence criteria upon the sequences

(A) and (A):
Definition 4. Let {xn(t, co), 0^/gl} be the sequence (.4). Condition

(B) will be said to hold if and only if there exist a real function y(t), O^t^l,

and a bounded function G(t; x), — co <x < + <»,<£ [0, 1 ], such that

(a) lim    Y (ank +  f    —— dFnk(x + ank)) = y(t), 0|lgl
»-»      k-X    \ J _oo    1   +   X2 /

where

ctnk =   I xdF„k(x) = ank(r) for t > 0.
J |x|<r

*n(0       (» X y2

(b) lim   Y -: dFnk(u + ank) = G(t; x)
n-><»     jt_i    J _M   1 +  U

at continuity points in x of G(t, x) for each /£ [0, 1 ].

(c) lim   Y   f    —^—dFnk(u+ank)=G(t;+«>), Og/|l.

Definition 5. Condition (C) will be said to hold for the sequence (A) if

and only if there exist a real function y(t), O^t^l, and a bounded function

G(t; x), — co <x < + oo , 0 ^/ 2S 1, such that (a) and (c) of condition (B) hold

uniformly for tE [0, l], and (b) of condition (B) holds, for each x which is a

continuity point of G(l; x), uniformly for tE [0, l].

We observe the following obvious properties of G(t; x) under condition

(B):
(i) G(t; x) is nondecreasing in (t, x) jointly, and non-negative; G(t; — oo)

= 0, Og/^1.
(ii) Every continuity point in x of G(l; x) is a continuity point in x of

G(t; x) for each tE [0, l],
(iii) Every continuity point in t of G(t; + co) is a continuity point in t of

G(t; x) for every x, — <x> <x< + oo.

It is, moreover, clear that condition (C) implies condition (B). We shall

write, for processes {xn(t, co), /£FJ, ra ̂  1, and {x(t, co), tET},

4>m(t, s;p) = F{exp ip(xn(t, co) — x„(s, co))},

4>(t, s; p) = £{exp ip(x(t, co) — x(s, co))}.

Finally, for any real x and p, let

(ipx  \ 1 + x2
e«~-l-—--)-—, x^O

1 +  X2)       X2

MS
=  - —, x = 0.

2
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Concerning yp(x, pi), we observe that

(iv) for any i!7>0, yp(x, u) is bounded uniformly for — M^n^+M,

— oo <x< + oo ;

(v) for any a<b, yp(x, p) is a continuous function of x£ [a, b] uniformly

for |p| ^M for any Af>0.

These results are well-known.

2. Convergence of processes with independent increments. We begin with

two results simplifying the convergence criteria of Definitions 1 and 2.

Theorem 1. Let {xn(t, co), /£7"} be a sequence of stochastic processes with

independent increments and let \x(t, oi), tET] be a stochastic process with inde-

pendent increments such that

E {exp ip.x(t, co)}

is never zero. Then a necessary and sufficient condition that {xn(t, co), tET] con-

verge in distribution to {x(t, co), tET] is that for each tET, {xn(t, co), m"^1}

converges in distribution to x(t, a).

Proof. The necessity is trivial, and the condition on E{exp ip.x(t, co)}

= d>(t; u) is unnecessary. To show sufficiency it suffices to observe that if

h, ■ • ■ , tmET, then c6„(/i, • • • , tm; Hi, • • • , Mm) is a product of quotients of

<l>n(tk;My) from the hypotheses of independence, and similarly for c6(/i, • • • , tm;

Mi, • • • . M-n)-

Hence

lim d>„(l; p.) = d>(t; u)
n—»oo

for every /£7T and all real m implies

lim c6„(*i, ■ • ■ , lm; hi, ■ • ■ , Um) = d>(h, - • • , W, Mi, • • • , pm)
n—*«

which, from the multidimensional continuity theorem, implies the criterion

of Definition 1.

If the nonvanishing condition on the limiting process fails to hold, we have

Theorem 2. If \x„(t, co), tET] is a sequence of stochastic processes with

independent increments, and \x(t, co), tET] is a stochastic process with inde-

pendent increments, a necessary and sufficient condition that [xn(t, co), tET]

converge in distribution to \x(t, co), tET] is that for every t, sET, the sequence

{(xn(/, co), xn(s, co)), M*il} of pairs of random variables converge in distribution

to (x(t, co), x(s, co)).

Proof. Again, the necessity is trivial.

Since the convergence in distribution of {xn(t, co), xn(s, a), M<^l} to

(x(t, co), x(s, co)) implies the convergence in distribution of {xn(t, a) —x„(s, u),

M^l} tox(f,co)— x(s,co), we have for all Mlim„ ..«,£{ exp ipi(xn(t, cS)—xn(s, co))}
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= E{exp ip(x(t, oi)—x(s, o)))}. Since, for any tx, ■ ■ • , tmET, and  k^m,

tx<h< ■ ■ ■ <tm,t0 = 0,

4>n(tx,   •   •   ■   i tk', Pl,  '  ' •  , Pk)   =   4>n(tx,   '  •   '  ,  h-x', Pl,  '  '  * , Mfc-1  +  Vk)<t>n(tk, tk-x', Pk)

and similarly for <f>(h, • • • , tm; pi, ■ ■ ■ , pm), we have

lim <j>n(ti, ■ • • , tm; pi, • • • , pm) = <j>(tu •••,<»; Mil •*• i Mm)
n—*»

by induction. Again, this implies the criterion of Definition 1. Using the

method of Theorem 2, one finds the following:

Corollary: Theorem 2. If {x„(t, w), tET} is a sequence of stochastic

processes with independent increments converging in distribution to the stochastic

process {x(t, ca), tET}, then {x(t, co), tET} has independent increments.

Proof. It suffices to observe that for any tx, • • • , tmET, tj<tj+1,

£<exp i Y y-i(xn(tj, ci) — xn(tj~x, co)) >

=   <Pn(h,  ■   ■  •   , tmm, f-1  —  P2, P2  —  P3,  ■   ■  •   , Pm-X  ~  Pm, Pm)

m

=  IT $n(tj, tj-i; Pj)
J-l

for each ra ̂  1. Since the second and third members of this equality converge,

respectively, to

<t>(Lu • • • , L; mi — M2, ■ • • , tim)

and

m

IT $(tj', tj-i; My),
1-1

we have

£<exp i Yui(x(tj, co) - x(tj-i, u))> = <p(tu ■ ■ ■ , tm; pi - P2, ■ - • , Pm)

m

= II *(<y, h-u My)
y=i

and the corollary is proved.

For convergence uniformly in distribution, Theorem 1 becomes

Theorem 3. Let {xn(t, co), /£F} be a sequence of stochastic processes with

independent increments, and let {x(t, co), tET} be a stochastic process with inde-

pendent increments and no fixed points of discontinuity. Let T be compact. Then
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a necessary and sufficient condition that {x„(t, co), tET] converge uniformly in

distribution to {x(t, co), tET] is that

lim d>n(t; p.) = <p(t; u)
n—»»

uniformly for (t, p.)ET®[ — M, M]for any M>0.

Proof. As before, the necessity is immediate. The sufficiency follows as

in Theorem 1, the uniformity conditions of Definition 2 being a consequence

of the uniformity condition on <j>n(t; p)^><p(t; pi), and the compactness of T;

the continuity condition insures that <p(t; pi) is continuous in (t, pi) jointly and

infinitely divisible.

3. The sequence (^4). We now consider the convergence properties of the

sequence (.4) of §1 under the conditions (B) and (C).

Theorem 4. A necessary and sufficient condition that there exist a stochastic

process [x(t, co), O^t^l] with independent increments to which the sequence

(A) converges in distribution is that condition (B) hold. In this case,

<p(t; p) = exp (iuy(t) + f  yp(x, p)dG(t; x) J

and \x(t, co), tE [0, 1 ]} is without fixed points of discontinuity if and only if

y(t) and G(t; + oo) are continuous functions of tE [0, 1 ].

Proof. I. Sufficiency. For each tE[0, l], Gnedenko's theorem applies to

x„t, k = l, ■ • • , kn(t); M^l} from condition (B). Hence for each t,

Sn.W), n = l] converges in distribution, and

<p(l; p.) = exp (ipy(t) + j   yP(x, p)dG(l; x)\

Since the limiting distribution is then infinitely divisible, <p(t; pi) is never zero.

Hence if t>s,

4>(t, s; p.) = —-
<p(s; ft)

= exp (ip[y(t) - y(s)] + J  yp(x, u)d[G(t; x) - G(s; x)]\

is always defined, and from properties 1: i, ii, iii, (p(t, s; pi) is a characteristic

function. Let, for each m>0 and t0 = 0<h< ■ • ■ <tm^l,

v\ / m \

<t>(h, • • • , tm; Ui, • • • , Hm) = JJ. 4>[th, h-i, Y /*;')•
*-i     \ y=*    /

The d>'s so defined clearly generate a consistent family of finite-dimensional

characteristic functions, so that there is, from Kolmogorov's Consistency
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Theorem, a stochastic process {x(t, co), O^t^l} having the <p's as their

finite-dimensional characteristic functions. From the manner of the definition

of the <p's, {x(t, co), tE[0, l]} has independent increments. Since {xn(t, ui),

ra ̂  1} converges in distribution to x(t, co) for each /£ [0, 1 ], again from Gne-

denko's Theorem, and <b(t;p) is never zero, Theorem 1 applies; this proves the

sufficiency.

II. Necessity. Assuming {xn(t, co), /£[0, l]} converges in distribution to

{x(t, oi), tE[0, l]}, the necessity part of Gnedenko's Theorem implies (a),

(b), and (c) of condition (B).

III. If either necessity or sufficiency above holds, then {x„(/,co),/£ [0, l]}

converges in distribution to {x(t, co), tE [0, 1 ]}, the limit process having inde-

pendent increments, and such that

(1) <p(t; p) = exp (iu.y(t) + J*   f (x, p)dG(t; x)J.

If then {x(t, co), tE [0, 1 ]} has no fixed points of discontinuity, it follows that

p < lim x(tm, co) = x(t, co)>  = 1

for each i£[0, l] and each sequence {/,} such that

lim/ro = /, UE [0, 1}.
m—*«

Clearly, then, x(tm, co) converges in distribution to x(t, co) for any sequence,

implying from (1) that

lim y(tm) = 7(0,

(2)
lim G(tm; co) = G(t; oo)

whence y(t) and G(t; + oo) are continuous in t. If (2) holds, conversely, then

x(t, u)—x(tm, co) converges in distribution to the unitary random variable,

and hence

pi lim (*(/,«) - x(tm,o>)) = o\  = 1.
\ m—»« J

This completes the proof of the theorem.

The next result relates condition (C) to the uniform convergence in dis-

tribution of the sequence (^4).

Theorem 5. A sufficient condition that there exist a stochastic process

{x(t, co), /£ [0, 1 ]} with independent increments and no fixed points of discon-

tinuity to which the sequence (A) converges uniformly in distribution is that con-

dition (C) hold.
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Proof. From Theorem 4, there must exist a process {x(t, co), /£[0, l]}

with independent increments such that [xn(t, co), J£[0, l]} converges in

distribution to [x(t, co), tE[0, l]]. From Theorem 3, it will suffice to show

that condition (C) implies that {x(/, co), tE [0, 1 ]} has no fixed points of dis-

continuity and that lim,,..,, <j>n(t; pt)=d>(t; pi) uniformly in (t, n)E[0, l]

®[ — M, M] ior any M>0, where, from Theorem 4,

<p(t; m) = exp (iuy(l) + J   i(x, n)dG(t; x)\

We first remark that the requirement of infinitesimalness implies

lim   max   | ank I  = 0,

/»       x- dFnk(x + ank)   = 0,
_M 1 + x2

/x2 -dFnk(x + ank)   = 0
.x 1 + x2

and

lim   max   | 1 — <j>„k(u) |   = 0

uniformly for p£ [~M, M], for any M>0. Let

<Mm) = e-*-*4>»tbt) = J    e*xdFnk(x + ank).

Then

I 1 - *.»G») I   =  I l - *»»(m) I  + I 1 - «"*••» | | <pnk(H) I

implies

lim   max   | 1 - <t>„k(pi) |   = 0,
n->»   lglgt„

uniformly for p£ [~M, M], ior any M>0. We have also

*n(0    _ kn(t) ^ |

Y  ($nk(H)  ~  1) -     Y   l°g 0n*(M)
ft-1 *-l I

^-z n-^(M)Hf      log(1 -m

*»
^ 77» max   | 1 - fc,ifji) |   £ | 1 - 2nk(p) \

ISt&tn *_1

^ D max   | 1 - **y.»r» | (-log | d>n(l; m) | )
is*st»
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where D is independent of k, ra, and p for large ra. Hence

Y («-*(/*) - i) - Y fog *.»(/*)) = o
k-X k-X /

uniformly for (/, p) £ [0, 1 ] (8) [ — M, M] for any AT>0. We next observe that

kn(i)     f » x2 n oo

(2) lim   Y   I    *(*,/«)—-:<*F„*(x + a„*) =  I    t(x; y)dG(t; x)
n-»»    t_i   J _„ 1 +   X2 •/ -oo

uniformly for (/, p)£ [0, l]® [ —AT, M], since\p(x, p) is bounded and continu-

ous in x, uniformly forp£[ — M, AT], and

/ra2 - dFnk(u + a„k) = G(l; x)
-x 1 + u2

uniformly for /£ [0, 1 ] at continuity points of G(l, x). The proof is a step-by-

step reproduction of the Helly-Bray Theorem, and the details will be omitted.

Using (2), it is to be observed that since

kn(t) kn(t)

Y   ($nk(p)   -   1)  +   ip    Y   ank - l0g<p(t;p)
k—X k—1

^    U I  \Y   ("nk +    f       ——„ dFnk(x  +   ank))  " 7W
I k-l \ J -x  1 + x2 / I

+ \Y   f    Mx,p)——dFnk(x + ank) -  f    +(x, ii)dG(t; x)
\    k-l      J -<B 1    +    X2 J -OO

we must have

k„(t) k„(t)

(3) lim  Y ($nk(n) - 1) + ip  Y a"k - log <t>(t; u) = 0
n-»»    1=1 k=l

uniformly for (/, p)£[ —AT, M] for any Af>0, from (a) of condition (C).

Finally, we obtain
*„(<) *»(0

| log <pa(t;p) - log<p(t;p) |  g    Y (4>nk(n) - 1) + ip Y «»* - log 4>(t;p)
k-l k-l

kn(t) *»(«

+       Y   lOg fnM   ~      Y    (*»*G*)   -   1)
k-X k-l

and from (1) and (3) we conclude

lim log <p„(t; p) = log <p(t; p), uniformly for (I, p) £ [0, 1 ] <g> [-AT, AT]
n—»«

which implies

lim <f>n(t; fi) = <£(/; m)
n-*«
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uniformly for (t, m)£[0, l]®[ — M, M] for any M>0, since the limit is

bounded uniformly (in t and pi) away from zero. From Theorem 3, the uniform

convergence in distribution of {xn(t, co), tE [0, l]] to {x(t, co), tE[0, 1 ]} is

established.

To show that the limiting process has no fixed points of discontinuity, it

will suffice to show that y(t) and G(t; + oo) (and hence also G(t; x) at continu-

ity points of G(l; x)) are continuous functions of tE [0, 1 ]. Choose e>0, and

let Ni he so large that n ^ Ni=>

- dF„k(x + ank)  < —
-w  1 + x2 6

and

max   | ank \   < — ■
i<fcgi„ 6

Then 3N2 ̂  Nx3n ^ N2=> for all *£ [0, 1 ],

knit)    / p 00 x \    I e

7(0 -   Y ( «»* +   I      -dFnk(x + «„*))< — •
k=i \ J _M 1 + x2 f\       3

Let b-£l/2kNi. Then if t^s, 0<t-s<8=>

ktfl(0   / /"° X \\

I 7(0 ~ y(s) |   ̂    7(0 -    Y   («*,* +  I      77-7 <#W(* + «w,*) )
*_i   \ J _» 1 + x2 J\

+        Y     ( a^!* + I      7T7—^ dFxAx + aw,*))
fc_iWt(,)+l\ J_M   1 + xJ /I

+   7(5) —    Y  ( °w«* +  I      -;-: dFNik(x + aNtk) )
*_i   \ 7_„o 1 + x2 /I

€ £ 6

<—+—+ — =   6

3       3        3

since the sum

kmU)

Y

contains at most one term, this term being bounded by

/°°       x- dFNik(x + aNik
-00   1 + x2

« e e
^6        6 "  3 *
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Hence, y(t) is a continuous function of /£ [0, 1 ].

For any «>0 we can also find N33n^N3=>

r°°     x2 £
max    I- dFnk(x + a„k) < —

igtgt„ J_w  1 + x2 3

and N4^N33n^N4^

kn(t)       f oo x2 e

G(l; + =0) -   Y    I     -: dFnk(x + ank)   < — •
k-x   J-a 1 + x2 3

Let 8^1/2^; then if 0</-s<8, O^t, s^l, we have

kNi(t)     n oo x2

\G(l; + co) -G(s;+ co |   ^  G(t; +oo) -    £--dFN,k(x +aN<k)
k-X  J -«, 1+x2

*JV4(0 /• oo #2

+ X)        I       —--dFNik(x + aNik)
4~fcV4(s)+l ^-oo    1   +   X

+  G(j; + co)—    £    I     -: dFNtk(x + aNik)
k-X   J -oo 1 + x2

£ £ £

<—+—+—   =   6
3        3        3

and G(t; + oo) is a continuous function of tE [0.1 ].

This completes the proof of Theorem 5.

Theorem 5 can be considerably strengthened if the random variables

{x„jt, l^k^kn, ra^l} are identically distributed for each ra:

Theorem 6. A necessary and sufficient condition that there exist a stochastic

process {x(t, co), /£ [0, l]} with independent increments to which the sequence

(A) converges in distribution is that the sequence of random variables {xn(l, co),

ra ̂  1} converge in distribution. Moreover, in this case the sequence (A) converges

uniformly in distribution to {x(t, co); /£ [0, l]} and the limiting process has

stationary increments and is without fixed points of discontinuity.

Proof. The necessity is trivial. Let

F„(x) = F„k(x),        an = ank.

Since x„(l, o))=sn,k„, Gnedenko's Theorem (necessity) asserts that if {sn.kn,

ra^ 1} converges in distribution, then there exist a constant y and a function

G(x), bounded and nondecreasing, such that

lim  2^[a"k+  I- dF„k(x + ani) }
«->»   k-l \ J -«, 1 + x2 /

= lim k„(an+  I- dFn(x + an) ) = y,
„->»      \ J _a 1 + x2 /
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*»     r x M2 p x U2

lim  V  I       -dFnk(u + ank) = lim kn I- (fi^M + a„) = G(x)
n-»«   w«" -oo   1 + M2 n-»»        •/_«,   1 + M2

at continuity points of G(x), and

kn      /* oo ~2

lim Y" I-<*Fni(x + dnk)
»->«   t_i J-,,   1 + x2

/x2 -<JF„(x + an)  = G(+ oo).
_M 1 + x2

Let G(t;x)=tG(x), O^t^l, andy(t)=ty, Og/gl. Since

v^/ 7*w       x \
E ( a»* +  I      - dF„k(x + ank) I
i_i \ J_M  1 + x2 /

-x[*-(",+£lT7'-<*+'0)]'
knw f x    ui k (t) r    rx    u2 "i

E      7-7-1 ^.*(« + «.*) = -7-1 *» I    ti— ^»(M + «-) ,
ft=l   7 _M   1 + M2 £„    L      J -00    1 + U J

*„(o /.oo     x2 /fe (/) r     /* °°     x2 "I
E-: dFnk(x + ank) = -7- Un 77— dFn(x + a.)
t=l   J-M   1 +   X2 £„    L       J-co   1 +   X2 J

and since lim,,^ kn(t)/kn = t uniformly for tE [0, l], it is clear that condition

(C) holds. Applying Theorem 4, it remains only to show that the limiting

process has stationary increments. Since, for t^s,

E{expin(x(t, co) - x(s,u>))] = <t>(t;n)/d>(s; u)

= exp (iu(t - s)y + (t - s) f  yp(x, u)dG(x))

= fal;/.)]"-'
this last conclusion follows also.

It is to be observed that a special case of Theorem 5 is the "cumulative

sum" situation; briefly, if {yk, k ^ 1} is a sequence of independent identically

distributed random variables, such that there is a sequence of constants

IAn, M^l} for which lim,,..*, An= + X and the random variables

{(l/.4n)Et=i yk, M"il} converge in distribution, then Theorem 6 applies,

writing

1
Xnk = — yk, 1 ^ k g n = kn, n ~S 1.

An

This problem has been discussed by several authors (see references), in the

process of investigating the ideas of the next section.



220 E. G. KIMME January

4. The convergence of functionals defined on convergent process-

sequences. Let {x„(t, co), <£[0, l]} be a sequence of stochastic processes,

separable and with independent increments, converging uniformly in dis-

tribution to a stochastic process {x(t, co), <£[0, l]} which is separable, with

independent increments and no fixed points of discontinuity. Let 5 denote the

union of the separability sequences of (x„(/, co), Z£[_0, l]} for all ra and the

rationals on [0, 1 ]. Since S is then dense in [0, 1 ], it is a separability sequence

for {x(t, u>)tE [0, 1 ]}. For each positive integer N we can extract a sequence

of finite sequences from S, which we denote by {Sn^, l^k^N2", ra = l,

2, • • • }, such that

(0 i = S»?ys» < SnN!i"+i <        < SnNLi)i" = L^L >   0£jZN-l;
N N

(H) Snllji"   =   SnT, 1   ̂  / ^  N2\ M, M ̂   1J

(in) max   (5By - 5„,y_i) < ——- ;
l_y_W yV2B_1

oo    JV2"

(iv) U     U   {Sny'}    =   S.
n-l y—1

The next result concerns the convergence in distribution of a simple type

functional defined on the sample functions of the convergent process-sequence

under consideration.

Theorem 7. Let N^l be a fixed positive integer, and let ax, ■ ■ ■ , a?? and

ft, • • • , pV, otj^fij, 1 ̂ j^N, be continuity vectors of

p{a, g x(t, 03) ̂  jSy, J-^ < t£ -L, 1 *j < n} .

Then

lim play ^ xn(t,c) S P,/-^- <t^~,l^j^N\

=  pUj =g  X(t, CO)   ̂  JSy, ̂̂  < * ̂  |p, 1 £j £ Nj .

Proof. The elements of the above limit statement are all defined, from the

separability conditions. To simplify the notation, let

(n) / (N) m \

Em     =   [aj g   Xn(Sm,U-l)im+k, w)  ^ /3y, k =   1, • ■ •  , 2   , J  =   1,  •  • •  , N},

(n) r (iV) (n) .

Fmr = {x„(5my, co) satisfies the conditions defining Em forj = 1, 2, • • • ,

r — 1, but x„(5mr , co) fails}.
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Let €o>0 be chosen arbitrarily. Choose for each positive integer p an

€p>0 so that

T -€p ~ eo

and

{ai ± tp, • • • , aN ± ep, Pi ± ep, • • ■ , pV ± ep}

are continuity vectors of

p{aj g x(Spyl-i^+m, o.)Sft,lS"i2'l^y^4

Let

Fp,q,m,j,k  =    {   I   X„(5'p+5,(J_l)2',+<'+m2«, «)   —   X„(5j,+ ,,ft, Co) |     ̂    6p}

and let

Ep"   = {a, + e„ ^ xB(5pi()J-_1)Sp+m, co) ^ Pj - tp, 1 g m g 2P, 1 ^ j g A7}.

Then

Ar2"+'

1-P{E%.}  =   E  *{*£.,}
r=l

N       2" U-m'+*+m<"> (b) (n)

= L L E /'{•Ep+o.*''^?p.9.">.j,*}
y=l m=l   k=U-l)ZP+q+im-l)2q-rl

N       2" (/-l)2M-«+m2«

+ EE E ^l-Ep+a,* — -Pp.s.m.y.t}.
,_1  m_i  t=.(y-l)2',+I,+ (m-l)2«+l

Since £p+s,r and Fp"lmJit are independent, the first sum in the last member

can be estimated by the product of the largest of p{7p*^mJit} and a sum of

probabilities of disjoint sets, which latter is certainly less than one. The

second sum is also a sum of probabilities of disjoint sets, and the two sums can

be estimated as follows:

I - p{Epn+q] ■£ max p{Fpn,l,m.j,k}
(y-l)2'*s+fa-l)2«+lg*g(y-l)2!,+<'+m2«;

l=§«|2'llg;'^JV

N       V> {j-DW+l+mW

+ #|U   U U (EpLk-F™.m,j,k)].
3=1  m=l   fc=(;-l)2p+(,+ (m-l)2l'+l

To estimate the first term of this last expression, we observe that for any

random variable y(a>),



222 E. G. KIMME [January

,    (M + 2,rA)2 rM t        >
p{   y(co) | M ="-T73-       «U - ^{exp iw )<*/*•

AT3 J0

Since, however, {x(t, co), /£[0, l]} is without fixed points of discontinuity,

lim <b(t; u) = <b(s; p)

uniformly for (s, p)£ [0, l]<8> [ —AT, Af] for any AT>0. Moreover, <j>(s, p) is

never zero on [0, l]® [ — AT, AT]. Hence

<t>(t; m)
lim <p(t, s; m) = lim-= 1
a » 11» ^>(5;m)

uniformly for (5, p) £ [0, 1 ] ® [ - Af, Af]. But also

lim <pn(t; p) = <*>(/; m)
n—*»

uniformly for (/, p)£[0, l](g>[-AT, Af]. Hence,

lim     <£„(*, s; p) = 1

uniformly for (s, p)£ [0, l] ® [ —Af, AT]. Hence, given 77>0 arbitrarily, there

exist N(v) and 8 (77) such that ra ̂  iV(n) and 0 < / - s < 8 (??), |p|g AT=>

I 1 — $n(t, s; p)\   < rt.

Thus, for such ra, t, s, and p, if ife(e) = (Af + 27r/e)2/AT2,

(AT + (2tt/£)2 r M
p{\xn(t,oi)-xn(s,o)\  M =-—-        R(l-<bn(t,s;p))dp

M3 Jo

1   cM
< *(«) — I 1 - $n(t, s; m) I dp

M J 0

1   rM
^ *(«) — I      vdp = k(e)ri.

M J 0

We have, therefore, for n^N(n), p> — log2 8(77)+1, that

o <? o(A° c(Ar)     < c(Af) c(Ar) ^       1      / */ >,
0   §  C3pt(j-l)2p+m — Op+,,t   S=  Oj,,(y_l)2"+m  — Op(y_l)2»+m-l   <   ———;  <•  OVt)

yY2p_1

and hence

p{Fp.q.m,j.k} < k(tp)ri for all q, m, j, and k.

Further,

N        2P (j'-l)2»>+«+m2«

u u u (£^,.» -f,1,.-i/.»)c(4)-1
y_l   m-l  *-(y-l)2p-«+(m-l)2«+l
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so that, finally, we have

1 - p{Ep+Q] < k(ep)r, + 1 - p{Ep']

or,

(1) P {^ ] < p {EJ£, ] + k(ep)v S p {E? ] + k(tp)v.

From property (iv) of the {5^} and the separability of the \xn(t, co),

tE [0, 1 ]} process, we have

lim p{Ep"lt] = ph, g x„(/,co) g Pi,3-^— <t*-?-,l£j£N\
a->« V IS N j

Thus, since the extreme members of (1) are independent of q, we have

P{ET]  S p{aj ^ xn(t, co) S fi,, 3~^- < t 5? A 1 <* j £ 7V| + vk(ep)

^p{Epn)] + k(eP)V.

Let h= (l/M2)(M+AT/e0)2; then k(ep) g£„ tor all p, and

PiET] ^ ph, g xn(t, co) g pj, J-^- < t fg A 1 =g j g 7v| + vko

^ p{Ep}] + kov.

Moreover,

lim p{EP   ]  = p{a, + ep S x(Sp,a-i)2"+m, co) g Pj — €p,
n—»»

1 ^ m £ 2", 1 ^ j g iV}

and similarly for p{£Pn)}, since the x„(/, co), <£[0, l] converge in distribu-

tion to x(t, co), tE [0, 1 ]. Hence,

p{a, + ep g x(5Pl()3-_i)2"+m, co) £ /3y - e„, 1 g w ^ 2", l^j'gJ,}

=S p jay g *,(*, co) =£ fc.^- < ' *5 j-> 1 ^ / =* 7v| + i,ft0

and since €p^e0, we finally have

#{«,-+ «o =? x(SlpNa-i)2v+m, w) g ^ - €0l 1 g « g 2", 1 ^ / g iV}

g pj«y ̂  *»(*, «) ̂  ft, ̂ - < * S A 1 =*; £ iv} + ij*„

^ p{a,^ x(Sp"lj-i)2p+m, co) g pj, 1 ^ m ^ 2P, 1 ^ / g N] + vko

for p> —log2 8(n) + l, n^N(v). Passing to the limits superior and inferior as
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n—>co on the middle member, and the limits as p—*» on the extreme mem-

bers, we have, since 77 > 0 was arbitrary,

lim p{aj + e0 g xGS^y-i^+m, «) £ & - «. 1 £ « £ 2», 1 £ / £ AT}
p—»00

= pletj + £0 ̂  *(/, co) g /3y - «t,^~ < * £ -^» 1 =Si £ tfl

g lim inf p lay ^ *„(/, co) g /3y,- < < ̂  —> 1 g / g yvl
n^» (. N N )

S limsupp/ay g *„(/,«) ^ iSy.^— < / ^ ^-, 1 g/^ Af}

g lim p {ay ^ x(Sl"l)-i)1*+m, co) ^ /3y, 1 g m ^ 2", 1 ^ / g A7}
n-»oo ( )

= pLj ^ x(t,co) g fc.^r- < < = jj> l =i = ^}

using the separability of the {x(t, co), tE [0, 1 ]} process in finding the limits

on the extreme members. Since

lim play + £0 ̂  x(t, co) fg I3j - cj-^- < t g ±-, 1 ^ j £ n\

= pjay g *(*, co) ̂  fo,^- < < ̂  ^> 1 =S i ^ A7}

the theorem is proved.

Theorem 7. Corollary. T/X is a continuity point of p{sup0g(gi x(t, co)

^X}, //?era

lim p< sup  x„(/, co) ^ X>  = p< sup   x(J, co) ^ X> .
n^»      (.OSiSl j lostfii ;

Proof. We remark that if x^ay+e is interpreted to mean x^ — 1/e, the

above proof carries through, step by step, when yV=1 and «i= —00. Set

pi=X, and the corollary follows.

Let, for each positive integer ra,

o-„y (co) = inf Xn(t, co), p„y (co) = sup x„(l, co)
U-D/N<t£J/N U-1)/N<t£j/N

<*>, n • « ,,    ,      («n /,    x 1^7 = ^,
cy    (co) = inf x(/, co), pj    (co) = sup x{t, co).

U-l)/N<t£j/N (j-l)/N<tSj/N
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Then Theorem 7 states that {pS\ • • • , PnN, °i"i\ ' ' ' > °"B$} converges in

distribution to {p[N), • • • , p#\ of\ • • • , aip}. The next theorem extends

this result:

Theorem 8. Iff(i-i, • • • , few) is a bounded continuous function on 2N-di-

mensional Euclidean space, then

.        (N) OV)       (AT) (JV)

lim ±,{J{pnl   ,  •  • •   , PnN , Cnl   ,  - "  -  , <?nN )
n—»oo

f ,,   (JV) (W)        (AT) (AT)    .
=    \J\Pl      ,  ■   ■  •   , PN    , <tl      ,   •  •  •   , ON    ) ) •

Proof. This is merely a 2A7-dimensional version of the Helly-Bray Theo-

rem, and the proof follows that of the one-dimensional case. We omit the

details.

Theorem 8. Corollary. If /(fe, • • • , fe^) is bounded and continuous on

the set {(fe, • • • , few) : fe*^£y+;v, l^j^N] in 2N-dimensional Euclidean space,
the conclusion of Theorem 8 is still true.

Proof. It suffices to observe that in the expectations of Theorem 8, the

arguments of/are necessarily confined by fe"=fe+iv, 1 Sj^N. Since the set in

question is closed, / can be extended to a continuous bounded function on

all of 2Af-dimensional Euclidean space, agreeing with/ whenever fe"Sfe\r+i,

1 ^j^N, and the corollary follows, applying Theorem 8 to the extended func-

tion.

The results of Theorem 8 and its corollary can be further extended to im-

ply the convergence in distribution of F[xn(-, co)] to F[x(-, co)] for a large

class of functionals F[ ].

Theorem 9. Let F[ ] be afunctional defined, bounded, and uniformly con-

tinuous in the uniform topology on the space D of real functions defined on

[0, 1 ], having the property that if {/„, n 5; 1} is a sequence of functions of D con-

verging boundedly to f in D, save for an at most countable subset of [0, l], then

UmF[fn] =F[f].
n—n»

Then

lim £{/-[*.(-,«)]} =£{i?[x(-,co)]}.
n—*»

Proof. For each positive integer Nt let
*

gN(t) = sup        g(t);\ .
U-1)/N<t£,/N J —  I J

** . p ,     ■ - <t^—,l^j^N.
gN (0 = inf g(t) N N

U-l)/N<i£J/N

Let
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MN,a=  {hED; g**(t) g h(t) ^ gl(t)},

and let

F*N[g] =   sup F[h], F7[g] =    inf   F[h}.

We first observe that

p{limF^[x(-,co)] =F[x(-,co)]l  = 1
V.n-»«o )

and

p|flimF7[x(-,co)]=F[x(-,co)]|  = 1

since the sample functions of {x(t, co), tE [0, 1 ]} are almost all bounded with

at most countably many jump discontinuities; application is made here of

the special convergence property assumed for F[ ]. Since F^*, F#, and Fcan

be bounded uniformly on D, we then have, by bounded convergence,

UmE{F*N*[x(-,o3)]} = £{F[x(-,co)]}
rt—*00

and

lim£{F*[x(-,co)]} = E{F[x(-,u)]\.
n-»oo

Let now

t\iu ■■■ , &w) = sup      F[h], 3-^— <t£^-,l£j£N
tw+yS»(OSiy N N

= 0 if the conditions on the supremum are vacuous.

/ is clearly bounded on the set {(£i, • • • , £2v); £ys=?£«>y, 1 ̂ j^N} and zero

elsewhere. To apply Theorem 8 (Corollary) it is necessary to show that / is

continuous.

Given  e>0 there is a 8>0 such that for any hx,  h2ED,  for which

supogigi \hx(t)—h2(t)\ <8 we have

\F[hx]-F[h2]\   <£/2.

Let [£i, • • ■ , >42n} be any point for which £y=^£iv+y, 1 ̂ j^N. Let g(t) be any

function of D for which

£y=        sup g(t), (l^j^N);
(J-1)/N<t£]/N

frr+y = inf g(t).
U-l)/N<t£}/N
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Let {fi, • • • , |2w} beany point such that fy^fy+iv for 1 ̂ /^A7, and such that

max    | £y — |y I   < o.
1S/S2AT

Let g(t) he any element of 7? such that

fy = sup        g(t),
U-l)/N<t<J/N

l-+N= inf        ~g(t), (.11* jZN).
U-1)/N<t£,/N

Choose hiEMN,a such that

0 ^ FN[g] - F[h] <-^

and let

h2(t) = hi(t), g**(0 ^ h(t) g ~g*N(t)

= Sn (t), h(t) < gN (t)

= g*(t), h(t) > g*(t).

Then h2EMN,s, so that F[ht]*F%\g]. Moreover,

sup   | hi(t) - h2(t) |   < 5
Ofilfil

so that |F[^i]-7"[fe2]| <e/2 and hence

F»U] ~ F*N[g] = (F%[g] - F[hi]) + (F[hi] - F%[g]) < -i + -i = e.

From the symmetry of the above argument in hi and h2 it appears that

Wk]-^[f]|<«. Since

/(fe, •••, few) =i?*[g],

/(fi, • • ■ , few) =F*[g]

this demonstrates the continuity of/.

Applying Theorem 8 (Corollary) to/ as constructed above, we conclude

lim£{i?*[x„(-,co)]} = £{F*[x(-,co)]}.

Similarly, one may show

lim£{F**[x„(-,co)]} = £{F**[x(-,co)]}.

We therefore have
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E{Px(-,u)]} = lim E{F*n*[x(., 03)}} = lim  lim J2{Fw*[*»(-, «)]}
n—*w n—>«  ij—»«

g liminf F{F[x„(-,co)]} g lim sup £ {F [x„( •, co) ]}
n—»« n—►«

glim lim F{FjvLx„(-,*co)]}

= lim £{f£[x(-, co)]} = F{F[x(-, co)]}
JV-.00

which completes the proof.

Theorem 9. Corollary. T/ F[ ] is a functional defined on D, uniformly

continuous in the uniform topology on D, and such that if {f„, ra ̂  1} ED is a

sequence converging to /£TJ> boundedly except for a countable subset of [0, l],

then limn,M F\fn] = F[f], then

limp{F[x„(-,co)] gx} =p{F[x(-,co)] g\)
n—*oo

at continuity points of the function on the right.

Proof. Applying Theorem 9 to cos pF[x„(-, co)] and sin pF[x„(-, u)], we

conclude

lim F{exp ipF[xn(-, co)]} = Fjexp ipF[x(-, co)]}
n-»°o

from which the desired result follows.

The Corollary to Theorem 9 is an extension of a result due to Donsker

[3], wherein the limiting process {x(t, co), tE [0, 1 ]} is the Wiener process In

general if the limiting process is Gaussian, one obtains the following:

Theorem 10. Let {x(t, oi), tE [0, 1 ]} be Gaussian, and let Fbea continuous

functional in the uniform topology on D. Then at continuity points X of

p{F[x(-, co)]^X} we have

limp{F[x„(-,co)] ^X} =p{F[x(-,co)] gx}.
n-»oo

Proof. Since the sample functions of a separable Gaussian process with

independent increments are almost all continuous, it follows that for a func-

tional F satisfying the conditions of this theorem one has

p|jimF*[x(-,co)]=F[x(-,co)]| = 1,

in the proof of Theorem 9. The rest of the proof of Theorem 9 demonstrates

the validity of the conclusion of Theorem 9 for bounded uniformly continuous
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F[ ]; since any bounded continuous functional can be approximated in the

mean on a Gaussian process by bounded uniformly continuous functionals,

the result of Theorem 9 extends to bounded continuous functionals. The

method of the Corollary to Theorem 9 establishes the desired conclusion. For

the details of this proof see [3].

It is to be observed that since any separable Gaussian process with inde-

pendent increments, no fixed points of discontinuity, and parameter set

[a, b] can, if p\x(a, co) =0} =1, be transformed by a change of scale into the

separable Wiener process, the result of Theorem 10 has specious generality

over that of [3].

5. Remarks. From Theorem 5, it appears that the sequence (A) under

condition (C) satisfies the conditions of the theorems in §4 on the processes

\xn(t, co), tE [0, l]} and {x(t, co), tE [0, l]}, and the results of Theorems 7-10

therefore apply to this particular sequence. Moreover, if \x(t, co), /£ [0, 1 ]}

is a stochastic process with independent increments and no fixed points of

discontinuity, it appears that if

(k      \        (k-l     \
x„t = xl — , CO 1 — x I-,")' H H », » ^ 1

then {x„jt, l^k^n( = kn), M^l} generates a sequence of the type (A) con-

verging uniformly in distribution to {x(t, co), i£[0, l]}, and the force of

Theorems 7-10 can be used as a device in the calculation of p{ F[x(-, co) ] ^X},

establishing the method most commonly used for this purpose in general.
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