ON THE CONVERGENCE OF SEQUENCES OF
STOCHASTIC PROCESSES(Y)

BY
ERNEST G. KIMME

0. Introduction. The purpose of this paper is the formulation and in-
vestigation of some convergence concepts for sequences of stochastic processes
{xa.(t, w), te]0, 1]} A related result of these investigations appears as a
generalization of the central-limit problem for sequences of sums of independ-
ent random variables, embodied in the discussions in §§3 and 5 of the se-
quence (A); Gnedenko’s necessary and sufficient conditions for the conver-
gence in distribution of such sums are used and extended. §4 contains a
version of the Helly-Bray theorem (Theorem 9, Corollary) on probability
spaces.

The tools used are those developed in [2; 7; 8], and [9] for some special
cases of convergence of stable processes. The methods of §4 are a straight-
forward adaptation of those of [2]; the convergence property of F[ | used
in Theorem 9 was found to be necessary by Udagawa (in the publications of
the Union of Japanese Scientists and Engineers) in considering the case of
sequences (4) of normed-sum type converging to non-Gaussian stable proc-
esses.

The processes are throughout this paper assumed to have independent
increments. Some special cases of this convergence problem are considered in
[1; 3; and 4] without this condition; no general results seem to be known at
present.

1. Notation and definitions. Let (2, ®, p) denote a probability space. A
real stochastic process defined on (@, &, p) with real parameter set T we shall
denote by {x(t, w), t&T}. We shail consider sequences of stochastic processes

{xn(t, w), tET}, converging in some sense to a stochastic process {x(t, w),
tcT}. Let

F(h, -y bni My oo, ) = plalty, ) S N, 1§ < mi,

Fﬂ(tl» SR D SHERE y)‘m) = P{xn(tj, w) = Ny 1 é] = m},

¢(t1v Tty tm; M1y, "y, I-‘m) = E{exp (iz ij(t, w))},
j=1

¢n([1: SR A 1S TALIL I I"m) = E{exp (1‘ Z/‘ixn(tir w))} :

j=1
where £, - - -, . ET.
Presented to the Society, April 28, 1956; received by the editors March 10, 1956.

(*) This paper contains the essential results of the author’s doctoral thesis written under
Professor M. D. Donsker at the University of Minnesota.
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We shall require two notions of convergence of processes:
DEeFINITION 1. The sequence {x,,(t, w), tE T} of stochastic processes con-
verges in distribution to the stochastic process {x(t, w), e T} if and only if for

every positive integer m and every sequence (¢, * + -, tn) ET™
limF,.(tl, sy dmi Ay, )\m) = F(tl, IR A ST )\m)
n—

for every vector (Ay, - - -, A\») of continuity of the limit function.

DEFINITION 2. The sequence {x,,(t, w), IE T} converges uniformly in dis-
tribution to {x(t, w), tET} if and only if for every positive integer m,

lim ¢n(tlp SRR P ST y I"'m) = ¢(lly R M1y © 00y Mm)
n—o
uniformly for (t1, * * +, tmj ki1, = * * » Um) ET"® [— M, M]™ for every M >0.
The convergence of Definition 2 is not to be confused with the convergence
of distribution functions uniformly in their arguments; this latter concept
will not arise in this paper. It is to be noted that the multidimensional con-
tinuity theorem implies that uniform convergence in distribution of stochastic
processes implies ordinary convergence in distribution thereof.
We next turn to a construction of a specific process sequence:
DerFINITION 3. The sequence {x,.k, k=1,2, .-, ky; ngl} of finite se-
quences of independent random variables for which

lim max p{| x| Z e} =0 for every ¢ > 0,

n—oo 1Skp<g,

“gives rise to a sequence of stochastic processes constructed as follows:
Let

ka(t) = [tha]

and let
k
Sk = D Tnjy 1S kS kuyn2l
Jm=1
Then let
Zn(t, ©) = Sn,ka(0)s 0<ts1,nzx1

This sequence of stochastic processes with parameter set [0, 1] shall be called
the sequence (4). If the x,; are identically distributed “within rows,” i.e.,
if p{xs <A} is independent of &, the resulting sequence of stochastic proc-
esses shall be called the sequence (4). We shall write Fn(\) = p{xm =<\},
bok () = E{ exp iptns }.

It is to be observed that the processes of both sequences (4) and (4)
have independent increments.
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We next adopt notations for some convergence criteria upon the sequences
(A) and (4):

DEFINITION 4. Let {x,,(t, w), 0=<t<1} be the sequence (4). Condition
(B) will be said to hold if and only if there exist a real function y(f), 0S¢t <1,
and a bounded function G(¢; x), — 0 <x <4 o0, tE[0, 1], such that

kn(t) 0 x
@ lm 3 (a,.k + f dF (s + a,.k)) — 40, 0sis1

=t 1+ 2
where
Ok =f xdF,.k(x) = Ol,,k(T) forr > 0.
lzl<r
kal) oz g2

(b) lim Y, f AFni(u + anx) = G(t; )

n—® k=l —wo 1+ u?
at continuity points in x of G(¢, x) for each t& [0, 1].

ka(t) pew g2
© tim 3 [ Fos( + am) = G(t; + @),  0SES L.

noe ko1 J e 14 ul

DEFINITION 5. Condition (C) will be said to hold for the sequence (4) if
and only if there exist a real function y(¢), 0=¢=1, and a bounded function
G(t; x), — o <x<-+ o, 0=<t=<1, such that (a) and (c) of condition (B) hold
uniformly for t& [0, 1], and (b) of condition (B) holds, for each x which is a
continuity point of G(1; x), uniformly for t& [0, 1].

We observe the following obvious properties of G(¢; x) under condition
(B):

(i) G(t; x) is nondecreasing in (¢, x) jointly, and non-negative; G(f; — )
=0,0=t=1.

(i) Every continuity point in x of G(1; x) is a continuity point in x of
G(t; x) for each tE [0, 1].

(iii) Every continuity point in ¢ of G(¢; + =) is a continuity point in ¢ of
G(t; x) for every x, — 0 <x <4 .

It is, moreover, clear that condition (C) implies condition (B). We shall
write, for processes {x,.(t, w), tET}, n=1, and {x(t, w), tET},

Bnlt, 53 8) = E{exp in(za(t, @) — %a(s, w))},
®(t, 53 1) = E{exp in(x(t, 0) — (s, ) }.

Finally, for any real x and u, let

) iuxr \ 1+ «?
¢(x’ﬂ)=(em—1_l+x2> " ’ x# 0

= - x='0.
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Concerning y/(x, u), we observe that

(iv) for any M >0, ¥(x, p) is bounded uniformly for —M=u=+4+M,
—wo<x<Fwo;

(v) for any a<b, Y(x, ) is a continuous function of x& [a, b] uniformly
for |u| < M for any M>0.

These results are well-known.

2. Convergence of processes with independent increments. We begin with
two results simplifying the convergence criteria of Definitions 1 and 2.

THEOREM 1. Let {xn(t, w), teT } be a sequence of stochastic processes with
independent increments and let {x(t, w), tET} be a stochastic process with inde-
pendent increments such that

E{exp iux(t, )}

is never zero. Then a necessary and sufficient condition that {xa(t, w), tET} con-
verge in distribution to {x(t, w), tET} is that for each tET, {xa(t, w), n=1}
converges in distribution to x(t, w).

Proof. The necessity is trivial, and the condition on E{exp tux(t, w)}
=¢(¢; u) is unnecessary. To show sufficiency it suffices to observe that if
by, tnET, then @ul(ts, « - -, tmj M1, * - -, Um) is a product of quotients of
@n(te; u;) from the hypotheses of independence, and similarly for ¢(¢y, « « « , tm;
M1, *c 0y ”'m)~

Hence

lim ¢a(t; ) = ¢(¢; p)

n— o

for every t&T and all real u implies

lilnd’n(tl,"' y bmy By ¢ 0 rI"n) = ¢(t1:"' y bmi 1y * 0 v”m)
fn—> o0
which, from the multidimensional continuity theorem, implies the criterion
of Definition 1.
If the nonvanishing condition on the limiting process fails to hold, we have

THEOREM 2. If {x,.(t, w), tE T} is a sequence of stochastic processes with
independent increments, and {x(t, w), tET } is a stochastic process with inde-
pendent increments, a necessary and sufficient condition that { xa(t, w), tET }
converge in distribution to {x(t, w), tET} is that for every t, s€ T, the sequence
{ (xa(t, @), xa(s, w)), n =1 } of pairs of random variables converge in distribution
to (x(¢, w), x(s, w)).

Proof. Again, the necessity is trivial.

Since the convergence in distribution of {x,,(t, w), %.(s, w), n=1 } to
(x(¢, w), (s, w)) implies the convergence in distribution of {x4(t, @) —xa(s, w),
n=1 } to x(t, w) —x(s,w), we have forallu lim, ., E { exp tu(xa(t, w) —xa(s, w))
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=E{exp iu(x(t, w)—x(s, w))}. Since, for any t, - - -, t.ET, and k=<m,
h<t< - <ilm t=0,

Galts, st ity c g Be) = baltyy c v oy beets 1yttt Baer T+ BR)Bath Lh) pR)
and similarly for ¢(t, + + «, tm; 1, + * *, 4m), We have

lim‘bn(tl)"' ’tm;”‘l;"' 1/‘"‘) =¢(t1)"’ ,tm;ﬂ'ly"',l-‘m)

”—P”

by induction. Again, this implies the criterion of Definition 1. Using the
method of Theorem 2, one finds the following:

CoroLLARY: THEOREM 2. If {x,.(t, w), tET} is a sequence of stochastic
processes with independent increments converging in distribution to the stochastic
process {x(t, w), tET}, then {x(t, w), tET} has independent increments.

Proof. It suffices to observe that forany ¢, « - -, tn €T, t; <tjs1,

E{exp i i pi(%a(ts, w) — 2a(ti-1, w))}

j=1
= d’n(tly Ct iy, bmy 1 — M2, M2 — M3y * * °y Mm—1 — Mm, I»‘m)
Ll o~
= II é(ts, tics; 1))
j=1

for each # = 1. Since the second and third members of this equality converge,
respectively, to

¢(tly"°vtm;”l—'#2t"' 9/‘7")
and
kiid —
1T oGt timas w2,
j=1
we have

E{exp i i,‘j(x(ti’ w) - x(tf—l’ w))} ¢(tlr syl — M2, “M)

j=1
m

11 8, timis i)

j=1

and the corollary is proved.
For convergence uniformly in distribution, Theorem 1 becomes

THEOREM 3. Let {x,.(t, w), tET} be a sequence of stochastic processes with
independent increments, and let {x(t, w), tE T} be a stochastic process with inde-
pendent increments and no fixed points of discontinuity. Let T be compact. Then
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a necessary and sufficient condition that {x.(t, w), tE T} converge uniformly in
distribution to {x(t, ), tET} is that
lim ¢u(t; l‘) = ¢(t; l‘)

n— o0

uniformly for (t, W) ET® [— M, M] for any M>0.

Proof. As before, the necessity is immediate. The sufficiency follows as
in Theorem 1, the uniformity conditions of Definition 2 being a consequence
of the uniformity condition on ¢.(¢; u)—¢(¢; u), and the compactness of T;
the continuity condition insures that ¢(¢; ) is continuous in (¢, u) jointly and
infinitely divisible.

3. The sequence (4). We now consider the convergence properties of the
sequence (A4) of §1 under the conditions (B) and (C).

THEOREM 4. A necessary and sufficient condition that there exist a stochastic
process {x(t, w), 0=t 1} with independent increments to which the sequence
(A) converges in distribution is that condition (B) hold. In this case,

o5 1) = exp (700 + [ W(w 160 )
and {x(t, w), te]o, 1]} is without fixed points of discontinuity if and only if

v(t) and G(t; + =) are continuous functions of t& [0, 1].

Proof. I. Sufficiency. For each t& [0, 1], Gnedenko’s theorem applies to
Xnk, k=1, -, ka(t); n=1} from condition (B). Hence for each ¢,
Sn k(s ngl} converges in distribution, and

6 1) = exp (ima) +f _}(x. WdG(; x)).

Since the limiting distribution is then infinitely divisible, ¢(¢; u) is never zero.
Hence if t> 5,

(45 m)

&(s; 1)

= exp (iu b =201+ [ ¥w GG ) = 653 2 ])

$(t: s l‘) =

is always defined, and from properties 1: i, ii, iii, $(t, s; u) is a characteristic
function. Let, for each m>0 and t,=0<t,< - - - <t, <1,

m m
A Ay § | ¢(tk, tea; D w).
k=1 =k

The ¢'s so defined clearly generate a consistent family of finite-dimensional
characteristic functions, so that there is, from Kolmogorov’s Consistency
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Theorem, a stochastic process {x(t, w), Oét_s_l} having the ¢’s as their
finite-dimensional characteristic functions. From the manner of the definition
of the ¢'s, {x(t, w), tEe|o, 1]} has independent increments. Since {x,.(t, w),
n= 1} converges in distribution to x(¢, w) for each t& [0, 1], again from Gne-
denko’s Theorem, and ¢(¢; u) is never zero, Theorem 1 applies; this proves the
sufficiency.

I1. Necessity. Assuming {x,.(t, w), tE|o, 1]} converges in distribution to
{x(@t, w), tE]o0, 1]}, the necessity part of Gnedenko’s Theorem implies (a),
(b), and (c) of condition (B).

II1. If either necessity or sufficiency above holds, then {x,.(t, w),tefo,1]}
converges in distribution to {x(t, w), t€ [0, 1]}, the limit process having inde-
pendent increments, and such that

W ol 1) = exp (iﬂ‘y(t) + [ “ww wac x>).

If then {x(t, w), tE|o, 1]} has no fixed points of discontinuity, it follows that

n—wo

P {lim x(tm, w) = x(¢, w)} =1

for each t& [0, 1] and each sequence {tj} such that
lim tm = ¢, tn € [0, 1].

m— o
Clearly, then, x(¢., w) converges in distribution to x(¢, w) for any sequence,
implying from (1) that
lim y(tm) = 7(?),

m—ro

lim G(tm; ©) = G(¢; =)

m—ro

2

whence y(¢t) and G(¢; + «) are continuous in ¢. If (2) holds, conversely, then
%(t, w) —x(tm, w) converges in distribution to the unitary random variable,
and hence
p{ lim (2(¢, 0) — 2(tm, w)) = 0} = 1.
m—r

This completes the proof of the theorem.

The next result relates condition (C) to the uniform convergence in dis-
tribution of the sequence (4).

THEOREM S. A sufficient condition that there exist a stochastic process
{x(t, w), tE]o, 1]} with independent increments and no fixed points of discon-
tinwuity to which the sequence (A) converges uniformly in distribution is that con-
dition (C) hold.
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Proof. From Theorem 4, there must exist a process {x(t, w), t€[0, 1]}
with independent increments such that {x,,(t, w), tE|0, 1]} converges in
distribution to {x(¢, ), t€[0, 1]}. From Theorem 3, it will suffice to show
that condition (C) implies that {x(t, w), t€[0, 1]} has no fixed points of dis-
continuity and that lima.. ¢a(t; u) =¢(t; p) uniformly in (¢, w)E[0, 1]
® [— M, M] for any M >0, where, from Theorem 4,

o(t; ) = exp (zm(t) +f _:¢<x, WG ).

We first remark that the requirement of infinitesimalness implies

lim max |am| =0,
n—owo 15ksk,
s x
lim max f dF .i(x =0
n—o 1SkSk, —0 1 + xz k( + a"k) !
] x2
lim max f ————dFp(x 4+ anr) | = 0
nowo 1SSk |J o 1 4 a2 s )

and

lim max |1 — ¢u(u)| =0
n—w 1SESE,

uniformly for uE[— M, M], for any M>0. Let

bui(l) = e~ onbgsoy(u) = f W50 ui( -+ anp).

—c0

Then
P —%mw) | S |1 — dma(w) | + [ 1 — emiuomt| | gpi(u) |
implies

lim max |1— $nk(#)| =0,
n—® 1SESk,

uniformly for & [— M, M], for any M >0. We have also

kn(t) kn ()

Z ($nk(“) - 1) - Z 108 $nk(#)
k=1 k=1

1 kal® N
_ 1— 3, 2
= E I [ k(ﬂ)l

f log (1 — §)d¢
iti=172 $3E — (—nr(n)))

kn
<D max |[1—%u@| X2 | 1 = Bnrlu) |
1SE5e, kw1

S D max |1 —3u(u)| (—log | ¢a(1; p)|)
1525k,
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where D is independent of %, #, and u for large #. Hence

ka(t) kn(t)
) lim( S ) = D) — 3 log ¢.,k(u>) ~0
n— Kaal Fe==1

uniformly for (¢, p)E[0,1]® [—M, M] for any M>0. We next observe that

kn(t)

2 lim 3 l//(x, u)

RO k=] —

uniformly for (¢, u) € [0, 1]® [—M, M, sincey(x, u) is bounded and continu-
ous in x, uniformly for u&€[— M, M], and

2dF,,k(x + anr) = f”'//(x: w)dG(t; x)

z 2

lim

n— 0 —o0

dF (1 + anr) = G(t; )
u?

uniformly for &€ [0, 1] at continuity points of G(1, x). The proof is a step-by-
step reproduction of the Helly-Bray Theorem, and the details will be omitted.
Using (2), it is to be observed that since

kn(t) ka ()

S @) =D+ in 3 ame— log 4,(;;,,)]

k=1 k=1

kn(t) © x
< |u kZ.:l (ank+ f-w TF dFn(x + ank)) - ’Y(‘)‘
En(t)
E '/’(x, #) ank(x-l' Qnk) —f Y(x, p)dG(t; x)
kel —o0
we must have
Ea() En(®)
A3) m > (fnr(s) — 1) + in D, one — log ¢(t; p) = 0
N0 L] k=1

uniformly for (¢, u)E[—M, M] for any M >0, from (a) of condition (C).

Finally, we obtain
kn(2) kn(t)

D (Eur(w) — 1) + ip D ane — log qb(t;;.z)‘

| log éa(t; ) — log é(t;u) | <

k=1 k=1
kn(t) . kn(t) N
3 log ) = 3 @usle) — 1){
k=1 k=1

and from (1) and (3) we conclude
lim log ¢.(¢; 1) = log ¢(¢; w), uniformly for (¢, ) € [0,1] ® [— M, M]

which implies
lim ¢,(¢; p) = ¢(¢; w)

n—w
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uniformly for (¢, u)E[0, 1]® [—M, M] for any M >0, since the limit is
bounded uniformly (in t and u) away from zero. From Theorem 3, the uniform
convergence in distribution of {x..(t, w), tE[0, 1]} to {x(t, w), tE]0, 1]} is
established.

To show that the limiting process has no fixed points of discontinuity, it
will suffice to show that y(¢) and G(¢; 4+ «) (and hence also G(¢; x) at continu-
ity points of G(1; x)) are continuous functions of ¢t€ [0, 1]. Choose >0, and
let N, be so large that n = N;=

max
1SEkSikn

f_” 1 _: ank(x + ank) < —6‘

and
| awe| < —
1shek, M ST

Then 3N,=N,Dn = N,= for all tE [0, 1],
kn(t)
"Y(t) - (ank + f ank(x + ank))

Let 6=<1/2kn,. Thenif t=s, 0<t—s <=

kg (t)

() = ()| = "y(l) =3 (v + | it + an)

k=1

kn2(t) © x
+ > (aN,k + f 2dFIv',k(x + aN,k))‘
keky, (0)+1 - 1+ =

sz(a)

+ |v(s) — (azv,k + f dFN,k(x + aN,k))
k=1 —o0

< € + € _I_ €
37373 °
since the sum
kN2 (t)
k-kN2(c)+l

contains at most one term, this term being bounded by

i x
f.w [ g el - o

<€+€ €
6 6 3

max |aN,k| + max
1SESEN, 1SkSkN,
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Hence, ¥(¢) is a continuous function of ¢t& [0, 1].
For any €>0 we can also find N;2Dn = N;=

® 52 €
max dF .1 (x ak) < —
1SESE, f_m 14 %2 o + oni) 3

and Ny=N;D9n=N,=

kn(t) © 2 €
G(t; - dF, ak) | < — -
‘( Fe) = L) e et ed| <3

Let =1/2ky,; then if 0<t—5<8,0=¢t, s=1, we have

kng(2) ) 2
|G(t; + ) —G(s; +o | = ’G(l; +o) = 2 n xzdFNﬂ‘(x”' )
k=1 —
kN4(t) © xz
dF
* k=k1§(s)+1f_m 1+ a2 v (2 + an)

kng(2) o 2
+ IG(S;-i-w) - X

k=1 —0 1 + x2

AFn (% + ange)

<€+€+€
3 7373

and G(t; + «) is a continuous function of t&[0.1].

This completes the proof of Theorem 5.

Theorem 5 can be considerably strengthened if the random variables
{x,,;,, 1Z5kZk,, n2 1} are identically distributed for each #:

THEOREM 6. A necessary and sufficient condition that there exist a stochastic
process {x(t, w), te [0, 1]} with independent increments to which the sequence
(A) converges in distribution is that the sequence of random variables { xa(1, w),
nz1 } converge in distribution. Moreover, in this case the sequence (A) converges
uniformly in distribution to {x(t, w); te o, 1]} and the limiting process has
stationary increments and is without fixed points of discontinuity.

Proof. The necessity is trivial. Let
F,.(x) = F,.k(x), Opn = Qpke.

Since xa(1, w) =sax,, Gnedenko’s Theorem (necessity) asserts that if {s,,,k,,,
n=1} converges in distribution, then there exist a constant 7 and a function
G(x), bounded and nondecreasing, such that

kn ]
lim 2, (a,.k + f z dFax(x + ank))

N k] 1+ 22
. ° x
- }.Tl k"<a" +f_w 1+ aFalw + a,.)) -
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kn z 2 z 2
lim ¥ dFai(% + anr) = lim k, dFa(u + ay) = G(x)
N0 k] V oo 1 u? n—wo —00 142

at continuity points of G(x), and
kn L] 2
lim %

120 kmlV g 1 + x?

ank(x + dnk)

0 2

= lim &,
n—wo - 1 + x?

Let G(¢t; x) =tG(x), 0=¢t=<1, and y(¢t) =ty, 0=t =1. Since

kn(t) © x
Z (ank + f dF,,k(x + a,,k))

k=1 14 2
k(O © oz
= . ky (a,. + f—ao T dF.(x + a,.))],

kn(t) z 2 k,.t = z 2
5 f Yl ) = 2O f “ dF,.(u+a,.):|,

dF (% + an) = G(+ ).

k=1 1 + u2 kn 1 + U
ka(t) © %2 k”(t) - 0 %2

D E—— an nk) = knf an n ]
Ef_w1+x2 Hetam) === b Ty et

and since lim, ., £.(t)/kn =t uniformly for ¢t& [0, 1], it is clear that condition
(C) holds. Applying Theorem 4, it remains only to show that the limiting
process has stationary increments. Since, for {25,

E{exp in(x(t, ©) — (s, @)} = ¢(t; 1)/d(s; )
exp (w —v -9 [ we u)dG(x))
[o(1; w]e»

this last conclusion follows also.

It is to be observed that a special case of Theorem 5 is the “cumulative
sum” situation; briefly, if { Vi, k=1 } is a sequence of independent identically
distributed random variables, such that there is a sequence of constants

Aa, w21} for which lim,., A,=+» and the random variables
(1/44) D221 ¥, n=1} converge in distribution, then Theorem 6 applies,
writing

I

1
Ank = :4—”‘3’1:, 1

IA

k

I\

n=kyn=l.

This problem has been discussed by several authors (see references), in the
process of investigating the ideas of the next section.
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4. The convergence of functionals defined on convergent process-
sequences. Let {x.(¢, ), t€[0, 1]} be a sequence of stochastic processes,
separable and with independent increments, converging uniformly in dis-
tribution to a stochastic process {x(t, w), t€[0, 1]} which is separable, with
independent increments and no fixed points of discontinuity. Let S denote the
union of the separability sequences of {x,.(t, w), tEe|o, 1]} for all » and the
rationals on [0, 1]. Since S is then dense in [0, 1], it is a separability sequence
for {x(t, w)tE|o, 1]} For each positive integer N we can extract a sequence
of finite sequences from S, which we denote by {S¥, 1<k<N2", n=1,
2, .- }, such that

j i+ 1
) s < ST < < S =L, 0SSN — 1
N N
(i) S = 55, 1SS N2y mn2 1
V) (N) 1
iii max (Sp; — Sajo1) < ;
(iii) 1§;§Nz»( i i—1) 3z
o N2®
(iv) U U{sy'} =8
n=1 j=1

The next result concerns the convergence in distribution of a simple type
functional defined on the sample functions of the convergent process-sequence
under consideration.

THEOREM 7. Let N=1 be a fixed positive integer, and let oy, + + -, oy and
B - -, By, a;<Pj, 1Sj=S N, be continuity vectors of
If{ajéx(t,w) éﬁj,i—_—l<t§i, 1 gjgN},
N N
Then
lim[’{aj = 2.(4 w) éﬁj.j—_‘l' <t éi: 155 N}
n—o N N

IA

Jj—1 J . }
—playsatt o) B —<ts L, 1555 N
P{a:_x( w) BJ N N’ J

Proof. The elements of the above limit statement are all defined, from the
separability conditions. To simplify the notation, let

(n) N) m o,

En = {afé x"(Sm.(f—1)2m+kr w)éﬁiyk=l»°'°t2 v J = 1»"’1N}1
n . (n) .

E,(,.,) = {x,.(S,(,x), w) satisfies the conditions defining E,, forj = 1,2, - -,

r — 1, but 2a(Ser, @) fails}.
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Let €>0 be chosen arbitrarily. Choose for each positive integer p an
€,>0 so that

and
{aliem""aNiep’ﬁliep'...’ﬁNieP}

are continuity vectors of

ple; S 2(Spqinmim ) S By 1 Sm<2°, 155 < N}

Let
(n) (N)
Fpqm,ik= { l xn(Sp+a. (=12 mat, @) — %n(Spta.ks "’)I = 5?}
and let
Am {a, +e& = xa(sp.(z—l)z”+m w) SPi—elSms 2 l=sj= N}
Then

N 2P+1

1= p{E) = Z (B e}

(i_l)2p+c+ mzq

E E E ?{ ;:l-)qkan(.:). m,ik }

je=l meml k= (—1)2P 04 (m—1)2941

N o (i-1)2 7% m2?

+3 > P{ES ok = Fpamit)-

jm1 meml ke (§—1)2P P4 (m—1)2941

Since E{,, and F%, ,, are independent, the first sum in the last member
can be estimated by the product of the largest of p{F{,,,,} and a sum of
probabilities of disjoint sets, which latter is certainly less than one. The
second sum is also a sum of probabilities of disjoint sets, and the two sums can
be estimated as follows:

(n) )

1 — plEpief = max PUFS ik
{ (—-1)2P 9+ (m—1)29+1 5k S (J—1)2°7 04 med; { P:2.m.7 }

1=Sms21<jsN

N o (7—1)2P+e4+ m2e

+p{U U U (Egvas — Fommi) }-

j=1 m=1 k=(i—1)2"% 94 (m—1)2941

To estimate the first term of this last expression, we observe that for any
random variable y(w),
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< (M + 2n/e)?

plly@)) 2z ¢ e

M
f R(1 — E{exp iuy})dp.

Since, however, {x(t, w), tE|o, 1]} is without fixed points of discontinuity,
lim ¢(¢; p) = é(s; »)

—s

uniformly for (s, w) €[0, 1]® [— M, M] for any M >0. Moreover, ¢(s, u) is
never zero on [0, 1]® [— M, M]. Hence

1

- o(t; 1)
lim ¢(¢, s; u) = lim =
tls K t1s o(s;u)

uniformly for (s, x) €[0, 1]® [— M, M]. But also
lim ¢a(t; p) = ¢(t; 1)

uniformly for (¢, u) E[0, 1]® [— M, M]. Hence,
lim $n(t’ S5 l") =1

n—s®o; 1] s

uniformly for (s, u) €[0, 1]® [— M, M]. Hence, given >0 arbitrarily, there
exist N(n) and &(») such that #=N(n) and 0 <t—s<6(n), I,ul SM=

|1 — &alt, ;)] <.
Thus, for such #, ¢, s, and u, if k(e) = (M427/€)2/ M?,

/€ M —~
Pl 2ty 0) — 2a(s,0) | Z €} = —(M '+‘—“M(32 /)2f0 R(1 — ¢a(t, 55 1)) dps
1 oM ~
<k(*)ﬂfo |1 = Gt 55 ) | dn

1 M
< k(o) ; f ndp = k(e)n.
0

We have, therefore, for n=N(n), p> —log. §(n) +1, that

0= S;I:,()i—l)2”+m - Sglk = S:(»I:’();—nz%m - S;Y;—l)z’m_l < N—zlp_—l < 8(n)
and hence
p{F:::,,,.,,-,k} < k(ep)n for all ¢, m, 7, and k.
Further,
ro (D2t mas (n) (n) ()
uu U (Eptak = Fp,q,m,i6) C(Ep )™

je=1 meml ke (i—1)2P %4 (m—1)2%41
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so that, finally, we have
)

1 — p{Egia} < Rlepn+ 1 — p{EBy}
or,
A (1) (n)

(1) PLESY < plEsrs) + klen < p{ES ) + ke,

From property (iv) of the {Sf,’:’} and the separability of the { xn(t, W),
t€ [0, 1]} process, we have

-1
hmp{Em} = p{a, < %ty 0) SB,,T <ts % 1<j< N}
Thus, since the extreme members of (1) are independent of ¢, we have

An)

o .
p{E) .S.p{a,-.s_ o) 58— <is L, 1§1§N} + nk(ey)

< p{E;} + k(epn.
Let ko= (1/M?) (M +47/€0)?; then k(e,) <k, for all p, and

P{E(”)} =< p{a, < x,(¢ w) _ﬂ,,T <t <’]—'Vy 1557 N} + nko

(n)
< p{E, } + kon.
Moreover,
. A (n) N)
lim ?{Ep } = ?{ai + €5 = %(Sp, (i—1)2%4m, @) = B — €p,
n—roo

1<m=<2°1=<j< N}

and similarly for p{E},"’}, since the x,(¢, w), t€ [0, 1] converge in distribu-
tion to x(¢, w), t& [0, 1]. Hence,

P{ai + €p .é x(Sl(’v()j—l)ﬂ’_'_m, w) § ﬁj — €p, 1 é m é 2p’ 1 é ]' é N}
P 1 .
= P{aj§ xro(t)"’) éﬁh]’_ <t= _‘7_, 1 éjéN} +17k0
N N
and since €, < €, we finally have
P{aj + € = x(Sl(’I:’()f—l)zp'l'm! O)) = B.‘i — €o, 1 =m= 2’, 1 _S.. j = N}

i1 .
ép{ajéxn(t)w)éﬁuzT<t§%71§j§N} +‘)]ko

< pla; < 2(Spi-npim @) S B 1 Sm = 2,125 N} + ko
for p > —log; 8(n)+1, n = N(n). Passing to the limits superior and inferior as
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n— o on the middle member, and the limits as p—w on the extreme mem-
bers, we have, since >0 was arbitrary,

lim p{a;+ e S 2(Sy gonrim @) S B — e, 1 Sm= 27,15 < N}
p—oo

= P{a:“i‘fo < a(t,w) S B — fo,]

._1 y
< tim inf p oy < ma,0) S Bl m <1 ST 1SS N

n—wo

IIA

n—0

i — 1
__<_limsupp{a,§ %a(ty w) éﬁj,]T <ts-—,1 éjéN}
N

< lim p{a,- < a(Spoopim @) Sy 1 Sm S22, 1S5 < }

P

IIA

j—1 J .
= p{ajé x(t, w) < B;,—N <t = ¥ 157 N}
using the separability of the {x(¢, w), € [0, 1]} process in finding the limits
on the extreme members. Since
. j—1
lim pRa;+ ¢ = x2(t, w) = B; — €,

€—0

<

<t§—,1§j§N}

=

j—1 J .
=?{ai§x(t1w)§Bi,T<l§'ﬁ:l§]§N}

the theorem is proved.

TuEOREM 7. COROLLARY. If N\ is a continuity point of P{Suposgél x(¢, w)
<\}, then

lim 17{ sup x,(f, w) = )\} = 1&{ sup z(t,w) = 7\} .
n—o 0=<:=1 0st=1

Proof. We remark that if x =a;+e€ is interpreted to mean x= —1/¢, the
above proof carries through, step by step, when N=1 and ay= — ®. Set
B1=A\, and the corollary follows.

Let, for each positive integer #,

(N) . N)
Onj (w) = inf xn(ty w), Pnj (w) = sup xn(t, w)
()=1)/N<t1=J/N (3—1)/N<t=3/N
N ) N 1=j=N
o; (@) = inf (), p; (@ = sup  a(t,w). ’

(1—1)/N<i=y/N (j—1)/N<t<j/N
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Then Theorem 7 states that {p&, - - -, p&, o, - - -, oW} converges in
distribution to {p, - - -, o§”, o™, - - -, o }. The next theorem extends
this result:
THEOREM 8. If f(&, - - -, Ean) s a bounded continuous function on 2N-di-
mensional Euclidean space, then
. ) W) )
hmE{f(pnl y """ 9y PaN , On1 ,"’,o'nN)
7n—>o
o) )y [3)
= {f(Pl y """ 3PN ,01 ,°°°,0N )}°

Proof. This is merely a 2/N-dimensional version of the Helly-Bray Theo-
rem, and the proof follows that of the one-dimensional case. We omit the
details.

THEOREM 8. COROLLARY. If f(&1, * - -, &an) is bounded and continuous on
the set { ¢, - )i EZ2Eun, 1SjSEN } in 2 N-dimensional Euclidean space,
the conclusion of Theorem 8 is still true.

Proof. It suffices to observe that in the expectations of Theorem 8, the
arguments of f are necessarily confined by £;=£;,n5, 1 <j=< N. Since the set in
question is closed, f can be extended to a continuous bounded function on
all of 2N-dimensional Euclidean space, agreeing with f whenever §;=£wn,;,
1=<j= N, and the corollary follows, applying Theorem 8 to the extended func-
tion.

The results of Theorem 8 and its corollary can be further extended to im-
ply the convergence in distribution of F[x.(-, )] to F[x(-, w)] for a large
class of functionals F[ ].

THEOREM 9. Let F[ | be a functional defined, bounded, and uniformly con-
tinuous in the uniform topology on the space D of real functions defined on
[0, 1], having the property that if { frn21 } is a sequence of functions of D con-
verging boundedly to f in D, save for an at most countable subset of [0, 1], then

lim F[f.] = F[f].

n—w

Then
lim E{F[x(-, 0)]} = E{F[(, 0)]}.

Proof. For each positive integer N, let

*
an(t) = sup g(); . .

(s-1)/N<t=<4/N -1 <i= 7 1<i<N
o= inf g0 N =¥ ==

(4-1)/N<ts /N
Let
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My,={hEDign ) = h(t) < gv(®},
and let
* *%k .
Fylg] = Jup F[h], Fy [g] = inf F[h].

my.g "E"‘N.y

We first observe that

p{'}iﬂFﬁ[x(-.w)] = F[x(-.w)l} =1
and
p{ggF?hoﬂo]=Fhou»§ =1

since the sample functions of {x(t, w), te[o,1 ]} are almost all bounded with
at most countably many jump discontinuities; application is made here of
the special convergence property assumed for F[ ]. Since Fx*, Fx, and F can
be bounded uniformly on D, we then have, by bounded convergence,

lim E{Fx [2(-, »)]} = E{F[2(-, »)]}

and
lim E{Fy[(, )]} = E{F[a(-, )]}.
n—0
Let now . )
j—1 J .
(1, = -+, Ean) = sup  F[z], — — <IS—,1SjEN
EngiSh(D)SE; N N
= 0 if the conditions on the supremum are vacuous.
f is clearly bounded on the set {(51, s b)) iz ENy, 1§j§N} and zero

elsewhere. To apply Theorem 8 (Corollary) it is necessary to show that f is
continuous.

Given €>0 there is a 6>0 such that for anv h;, hED, for which
SUpo<i<1 | ha(t) —“hz(t)l <8 we have

| F[l] — F[R]| < ¢/2.

Let {&, - - -, fav} be any point for which £;Z¢wnyj, 1 SjSN. Let g(£) be any
function of D for which

& = sup (), (1=j=N);
(4-1)/N<1S /N
Evgs = inf g().

(1—1)/N<t=y/N
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Let {El, -+, By} be any point such that £i=%w for 1 £jS N, and such that
max | &; —§5| < 4.
1Ss52N

Let g(¢) be any element of D such that

gf = sup E(t)n
(-1)/N<1< N
Eun = inf 20, (I=j=N).

(4-1)/N<15J/N
Choose 7 & My, such that

€
0= Falg] - Flm] < )

and let
ha(t) = (1), 3u () S () < 2w()

= 2w (), () < v ()
= an(t), () > In(d).
Then k€ My 7, so that F[h]< Fy[g]. Moreover,
s | ) = @] <3
so that | F[h]— F[h;]| <e/2 and hence
Fylg) — Fxlg] = @vle) — Fl)) + #[m] — Fx[g)) < 7 + -2- S
From the symmetry of the above argument in %, and &, it appears that
| F¥[z]—F%[g]| <e. Since
fl, - v, bav) = F;r[g],
f(glr cee L Ey) = F;[E]

this demonstrates the continuity of f.
Applying Theorem 8 (Corollary) to f as constructed above, we conclude

lim E{Fy[#:(, &)1} = E{Fx[a(-, »)]}.

n— o0

Similarly, one may show

lim E{Ftv*[x,.(o, W]} = E{F;*[x(-, ]}

n—®o

We therefore have
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E{Fa(-, )]}

Il

lim E{FY [(-, @)]} = lim lim E{Fx [2(, ©)]}

n—w N-—>00 gB—>00

lim inf E{F[2a(-, @)]} < lim sup E{F[z.(-, »)]}

n—o

IIA

< lim lim E{Fy|x.(-)0)]}

Now p—ow
= lim E{F¥[a(, o)1} = E{F[a(-, )]}

which completes the proof.

THEOREM 9. COROLLARY. If F[ ] is a functional defined on D, uniformly
continuous in the uniform topology on D, and such that if { fny, =1 } CDisa
sequence converging to fED boundedly except for a countable subset of [0, 1],
then lim, .., F[f.]|=F|[f], then

lim p{F[2a(-, )] <2} = p{F[(-, 0)] =2}

n—0
at continuity points of the function on the right.

Proof. Applying Theorem 9 to cos uF[x.(-, w)] and sin uF[x.(-, w)], we
conclude
liIg Efexp iuF[#.(-, )]} = E{exp iuF[x(-, )]}
from which the desired result follows.
The Corollary to Theorem 9 is an extension of a result due to Donsker
[3], wherein the limiting process {x(¢, w), t& [0, 1]} is the Wiener process In
general if the limiting process is Gaussian, one obtains the following:

THEOREM 10. Let {x(t, w), tE[0,1] } be Gaussian, and let F be a continuous

functional in the uniform topology on D. Then at continuity points N\ of
p{Flx(-, w)]<\} we have

lim p{F[xa(-, @)] <A} = p{F[a(, )] < M}
n— o0
Proof. Since the sample functions of a separable Gaussian process with

independent increments are almost all continuous, it follows that for a func-
tional F satisfying the conditions of this theorem one has

p{ lim FilaC, @] = FlsC, 9} = 1,
p{ lim BV [aC, )] = [, 9 = 1

in the proof of Theorem 9. The rest of the proof of Theorem 9 demonstrates
the validity of the conclusion of Theorem 9 for bounded uniformly continuous



1957] CONVERGENCE OF SEQUENCES OF STOCHASTIC PROCESSES 229

F[ ]; since any bounded continuous functional can be approximated in the
mean on a Gaussian process by bounded uniformly continuous functionals,
the result of Theorem 9 extends to bounded continuous functionals. The
method of the Corollary to Theorem 9 establishes the desired conclusion. For
the details of this proof see [3].

It is to be observed that since any separable Gaussian process with inde-
pendent increments, no fixed points of discontinuity, and parameter set
[a, 8] can, if p {x(a, w) =0} =1, be transformed by a change of scale into the
separable Wiener process, the result of Theorem 10 has specious generality
over that of [3].

5. Remarks. From Theorem 35, it appears that the sequence (4) under
condition (C) satisfies the conditions of the theorems in §4 on the processes
{xa(t, w),t€[0,1]} and {x(¢, w), t€ [0, 1]}, and the results of Theorems 7-10
therefore apply to this particular sequence. Moreover, if {x(¢, ), t€[0, 1]}
is a stochastic process with independent increments and no fixed points of
discontinuity, it appears that if

k k—1
x,.k=x(——;w)—x( ,w); 12k=sn,n=1

n n

then {x,.k, 1<k=n(=k.), n=1} generates a sequence of the type (4) con-
verging uniformly in distribution to {x(¢, w), t€[0, 1]}, and the force of
Theorems 7-10 can be used as a device in the calculation of p{ F[x(-,w)] =\},
establishing the method most commonly used for this purpose in general.
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